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(a) Fullerene (OD) (b) Nanotube (1D) (c) Graphene (2D) (d) Graphite (3D)
Polyacetylene
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Graphene band structure
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(Novoselov et al, Science 2006, suppl info) )

A graphene sample
(Geim & Novoselov, Nature Materials 2007)
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More recently:
Epitaxial graphene on SiC
CVD (chemical vapour deposition)
Graphene on BN (either CVD or transfer)

Graphen’é (iv)
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How does the massless Dirac appear on honeycomb

(1) Tight-binding model

Hab = t(e"':'ﬁ1 + eiF Rz -+ e"Eﬁa) r(ﬂ:Q.S eV) vp=~10° ms™
0 Hae 1/2
_ 3k,
H= Eggp(ka,,ky) =4t< 1+ 4cos V3ksa COS (M) + 4 cos? (_k_’g_‘_l_)
Hae 0 2 2 )

(2) Group theory (Lomer, Proc Roy Soc 1955)
2-dim representation at K and K’

FERFX: 5700 YE



Only the honeycomb symmetry matters

We don't have to take the tight-binding model

- Honeycomb array of atomic potentials

Hsu and Reichl (PRB 2005)

(b) V(I‘)= Yo[5(r —Ry) + d(r - Ry)]

<o performed a plane-wave expansion
with a momentum cutoff
—> zero-gap at K only approximate.

Singular form of §°°(r) requires a
renormalisation of potential strength
& a reqgularisation of its form.

Nakajima & Aoki (Physica E 2008)

BREX: 372009



B=0 band dispersion

10

Eprergv [eV]
=

-10!

pa/a=0.56, m /me=0.63

%

present
result

P
4” ~~‘\
’ -~
’ -~
l’ \‘
. -_— T
,'Do‘f#/ﬂ PG
g O/ *
S o,

R,
neareS?ﬁﬁ%
neighbor % |
tight-binding

extended

(t’ ~\i).1/ey§ﬂ

tight binding |

K

massless Dirac
analytically reproduced

Nakajima & Aoki (Physica E 2008)
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Full sp? calculation

200 F

10.0 |

0.0

G
o
Energy [eV]

-10.0

(Saito, Dresselhaus?: Physical Properties of carbon nanotubes)
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Dirac particles in graphene

extended zone

‘\ ' two massless Dirac points \

T-reversal: K © K’

% k - p Hamiltonian (effective-mass formalism)
[Wallece, PR 71, 622 (1947) ]

Hi = V(o Py * 0y D)) Hy: = Ve(- o4 Py + 0 D))

:VF( 0 px—i'py) — vy ( 0 p$+’£py)
. — Vg o
Pz + Py 0 Px — 1Dy =K ?%9(5): 5524 DYE




Massless Dirac eqn for graphene

(Lomer, Proc Roy Soc 1955)

K K’
A 0 7o —im | 0 0
_ Y| 7 timy 0 0 0
H == 0 0 0 =, +im,
0 0 |m—im 0

y=\3at/2 a=pteAlc ¢=t(F.Fg.Fy Fy)

’ 0
,1¢(K) _
Fi(r)= : exp(ik-r) ’ FE () = — (ko 0
T 0 (0= PR e
0, ¢

+ B [McClure, PR 104, 666 (1956)]

0
: sgrl(r:r)i|”|_1t;l5|”|—1‘ C 0
ko Cu il FE (r)= —Zexp(—iky) I
Fnk{r): —_eX}J( _?kJ} 0 \.:' 1 (f)li‘fl
y . \ sg11(n}i|”|_1cf>|”|—1
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Atiyah-Singer index theorem and the n=0 graphene Landau level

0 Dt 1 0 Novoselof et al, Nature 2005;
K= ( ) 5 = ( ) Pachos et al 2007; Park 2010)

D*D and DD* have the same nonzero eigenvalues, A,, A_, respectively
DDy = Ay — D'D(D*y) = A(D'y)

If D*y is already zero, we have to count them separately.
Now, we have, for an arbitraryt

2 ) { E ' E‘ '
r}}
F]L } A

For A ¥neq 0 A, and A_cancel with each other, leaving us with
Tr(yse ™) = 74 — 77— where ., M. are # of zeromodes for D, D* respectively
We have in fact to calculate Index(K). If we put
D = —iel 0¥ (V, —ieAy)
we can show that .
Index(K) =vy —v_ = — / [B-dS.
2 J .

FERBFKR: 5700 YE



Chirality in graphene

d
qugl C k+gu(k)GHC k

—> Dirac points at g(k)=0

d’ = spatial dim & = Poincare-Hopf th

2 sgn (det(d g,/d k,)) =0
—> vortices and antiv appear in pairs
(ie, Nielsen-Ninomiya th)

Chiral symmetry (3+1) (2+1) M
\ \ 7))
Yo Oy NN
HIi=0 | =o
L] , v, 5,
Y
E=0is special yg \
can be made eigenstates of I': 4 N7/

vyt = +py, Y+ = (1E£7)Yr— /5 O, Wi mx: y570onE



"Schrodinger
fermions”

A

real Dirac
fermions

(c) Andre Geim

Dirac fermions

1 in graphene
1SS 8!
A i{{({I({{{
g eee
g




Chiral symmetry (also applicable to disordered systems) 2D Honeycomb Lattice

{,H}=0 7 =1

Hyy = —Evip it Hp = Ey

mp> Zero Energy state : an eigenstate of y
YYE=0 = TYE=0 Special at E=0
Exact Particle-Hole Symmetry

Ex. Honeycomb lattice (graphene) in Energy Spectrum

Bipartite structure (A - B sub-lattice)

H=- ) ticle
<t,7>
A

ERAFXR: II7z0DHE



Chiral symmetry for honeycomb lattice

Chiral operator v =exp(ir Y clc;)

i€ A
I'cI' ' =c ie Asublattice
I'cI' =—c, ie Bsublattice A
rz=1 B
Chiral symmetry | {H,I'}=0 Pairs of eigenstates
THI ' =-H ==  E:|ly) &= —E:T|p)
E=0 is special ‘W> ,F‘ W> : degenerate states

can be made eigenstates of T': F‘Wi>:i‘l)”i> ‘wi>=‘w>ir‘l//>
(¥ -) has its amplitude only on B (A) sub-lattice

Effective (Dirac) field theory
I'=o0,

BRFEX: 7370 0YE



Klein’s paradox for massless Dirac particles

(Katsnelson et al, Nature phys 2006;
see also Young & Kim, Nature phys 2009)

EK Kk F5T1LOWE



Klein’s paradox for massive Dirac particles

(Nitta et al, Am J Phys 1999)

t=0.02 t=0.04
1.5
________________ 1 [T T ———
F
|
A\ A
|
] |
i T~ 0 'ﬂ__
5 10 15 -5 0 5 10 15
t=0.08 t=0.1
1.5
1 ________________
--------------- 0.5
1]
5 10 15 -5 0 L] 10 15
t=0.14 t=0.18
1.5
________________ 1 R —
1
0.5 !
]
]
]
4]
5 i 15 -5 o 5 H] 5

1 1
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+ B [McClure, PR 104, 666 (1956)]

0
'sgn(n)f'”l_lt,b|”|_1 c 0
|n| K, n_ n 7.
C il ¢ F, . (r)= —exp(—iky) .
Faulr) = o —iky) 0 Y "\
v . sgn(n)f'”l_lqb|”|_1

b i) =2 N7l 2P (2), with z=(x+k12)/]

\

Hermite polynomial

) l (n=0) ) 0 (n=0)
Tz w0y, YT nlln| - (n #0).

Eigenenergies (Landau levels)
e, =hwg sgn(n)y|n|.

n=0,=x1,.... :Landauindex

Fiwp =727/l with [=\/eB.

cyclotron energy magnetic length

FERBFER: U570



Landau levels

BEDEFR—ILR 5132 Laske e e

A

E

= (n+J12)he, en = V/nhw,
2e .
= — )i
eB/mc ChUF\/_
k >

FRN 710D




What’s so special about graphene Landau level

?

Quantisation in B
| Onsager’s semiclassical
“Landau tube”

] _
= =

ft ———/jﬁl n=0> v

‘ |

— A

i I ’ ‘ ‘ %9&:’7“37:*/0)5

BA




Whole spectrum for honeycomb lattice

Rammal 1985
\ £ =0 Landau level €< outside Onsager’s
BAREX: V70D YE semiclassical quantisation scheme




Effect of B
* Tight-binding model: Peierls substitution |

7 .
E(l{) N E(_ 1V — ;;HA) l.e., c;rcj. — c;rcjexp(f AdF).

@ Peierls substitution only takes care of the effect ~ A
and ignores the effects ~ A2
(= diamagnetic shift and shrinkage of wavefunctions)

* Honeycomb array of atomic potential + B (Nakajima & Aoki, Physica E 2008)

pa/a=0.56, m /me = 0.63

(a) Q/Q=1/15 k=130 ©®) Q1/Q=1/9, k»=1/18
10! 10, - | . s \ \ \
n=+1
- = n=t2
E A E n=+1 |
@ 0 @ 0 n=0 n=()
2 ; =
m i m
n=-1
-10 IIIII - f f | f f | f L | | | - | | |
K T MK 105 0.5 0 0.5 1

ki1 ki
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ARPES band s+ruc+ures GIC Vs graphh‘e

(Sugawara et al, nature phys 200§

Binding energy (e

Moment (e.m.u. cm™3)

graphite

Binding energy (eV)

-1.0 0 1.0

M (L) ' (A) K(H)
Wave vector

FERFER: 570D



Can graphene be doped?

/ /
£ éQ
\ \
\ \

K2x2

) (top)

C

High doping by graphene/SiC+ K, Ca doping
(ARPES: McChesney et al, PRL 2010)

d

Ca

(under)

— <,t99),

_ K2x2 (top) e

Ca (under) Ca (under)
. (top)

r
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Resistivity Cyclotron mass

0.06

R Eo 0.04 |
g & R
‘\(*\:\ /‘;‘/
r
. [ 1 1 |
n (10'2¢cm-?)
(Geim & Novoselof, Nature mat. 2007) (Castro Neto et al, RMP 2009)
Dirac pt has no electrons, no holes, yet ¢ ¥neq 0O n = (hi2me)S, m, =(h*/2m)dS/E ~ ni?
< Interband phenomenon (or "Zitterbewegung") >S~E?(k)ie, E~k

EREFTL H5700DHE



Room-temperature QHE

G 300 K i
=0 29 T
A
2
= 9
'5 -y El; (&
-
p—— g ==
0! AE]
— “
| | | J -6
60 30 0 30 60
V, (V)

=x =x. 5oz qpum  (Novoselof et al, Science 2007)



STM

Graphite edge (Niimi et al, PRB 2006) Graphene edge (Kobayashi et al, PRB 2005;
=Ei3H. EFPE 2010))

Armchair

Armchair

o - e -
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Textbook on statistical mechanics = 2D crystals cannot exits
- why does graphene exist? = ripple
More recently: Higgs-mechanism-induced rippling? (San-Jose et al, PRL 2011)

1 .
Flu,hl= = | P c(V2h)? + 2 + Nu?]
7 M ij i

bending  energy k=1.1 eV, strain tensor. “:'J':%(ﬂr’”f”?j”fpr]E({?r'h){{?ih)
bulk  modulus A+u=7.3 eV A2,
shear modulus p=5.7 eV A~ —> a relativistic scalar field theory with a Higgs

FERFXR: J37100E



Related structures: GIC, MgB,

. . BRFXR: JI37z00OYE



MgB bandsfrucfure

Energy (eV)

-15

FIG. I (color). Band structure of MgB, with the B p character.

The radii of the red (black) circles are proportional to the B p.
(B p.,) character.

(Kortus et al, PRL 2001)

cf. p wave SC becomes
p + ip at K point in honeycomb
(Uchoa & Castro Neto, PRL 2007)

FREX:

1+|-d2 ol
557z 0mE " - (Onari et al, PRL 2002)



When T-broKken pairing can occur?

When the space group of the pair has two-dimensional rep:
as in

@® p + ipin tetragonal systems

@® 0 + idin hexagonal systems (I'g*) (Onari ef a/ PRB 2002)
p +ip (T5”) (Uchoa & Castro Neto, PRL 2007)

FERFX: V3710 DYE



QHE in graphene

o

Voltage (uV)

(Novoselov ef a/, Nature 2005; Nature Phys 2006; Zhang ef a/, Nature 2005)

G,, = (2n+1)(-e?/h) 7

B=14Tand T=4K

---------- A T/2

(2Jn+12)(-e2ty | ) 2ot
o
Xy
I ................. S | 3/2
Valley degeneracy ‘ 2Ih) =
cxy_/_(_e__[h_)_____:l'___ 172 8
+{[==390mK f; — 0 ;.";
2_‘ --""I g — —=1/2 g
N | o
| . — -3/2
24 /
B — —5/2
20 10 0 10 20
Current (mA) 1 _?'{2

ppb accuracy
(Tzalenchuk et al, nature

nanotech 2010)

BERFEX: J57z00HE



QHE in honeycomb lattice

FEREFEX: 372009

(SCBA; Zheng & Ando, PRB 2002;
Gusynin & Sharapov, PRB, PRL 2005)

_ Loy =(en+1)(-e?h) 4]
- >
N~ 4
N
(<}
L
=
=
> 0
.;
3
S 2
c
o
O 4
©
L 6
-8 '
-2 1 0 9 2

Energy (units of fim)

Oy, = (2n+1)(-e?/h) steps




Integer quantum Hall effect

(Aoki & Ando 1980)

o S s s ey
= sy —+—3% 2
g ‘ GaAs;Aleal-xAS .
| 12 T=50mK .
w— 8_ -
E 21
= ) d
'T&; : T=0
D"t 4+ =
0 l » _
T=0 0 1 1 1 1 1 1 |
N’s‘ 2 . : 200 76T 4 3 20 ; N
= J
!:? 1L 100 No=11
1 21 j l
0 - o O S
5 0 2 4 6 8
0L | {
s 172 3/2 512
Elhuw, - (Paalanen et al, 1982)

(Aoki, Rep Prog Phys 1987) =K EE: ST OYE



COMPREHENSIVE

SEMICONDUCTOR

'SCIENCE AND
TECHNOLOGY

IALS, PREPARATION, AND PROPERTIES

Edwin Hall

+ g > EFF-IVUR
1991FEH 5, ERiEXE




QHE in ordinary valence / conduction bands

9 ‘
ikcb
E >

BERFR: J37I00E



QHE for massless Dirac

o, /(-e4/h)

k

} —

mEARKFER: Iz DYE




Landau levels for massive Dirac particles

(MacDonald, PRB 1983)
Dirac egn

[(& —eEx)?—(cP—eA)?
—m’c*+ eticH o, + ieticE o, lp=0

Eigenenergy

= H
®(kyn )=

VH?- E?
X im?c? + melhw,(2n +1 +1)])1/2
non-relativistic massless Dirac
&= mc? )
leading term in ho,/mc? expansion '
+ﬁmc(n+1i%)+4’2’1£§ + o @, = eH/mc

=5 - EIWEVEDIY I



Hall conductivity = a topological number
(Thouless, Kohmoto, Nightingale & den Nijs, 1982)
Linear response
(e |B) Bl o)~ (e}, |B)(

o, — i3 [ (5,) ?)
N Lz - (5 _gﬂ)z

clean, periodic systems' .
Berry’s “curvature”

IR disordered systems
IV \nk
<” ‘Vk‘” >] distribution of topological #

. ] in disordered systems
Gauss-Bonnet (Aoki & Ando, 1986:
Huo & Bhatt, 1992;

l Yang & Bhatt, 1999)

- - ana“d (Chern #),

Jx

. VEX

Z

ERFKX: II700YE




Hall conductivity

2 1
e
Chern number ooy(E) = —Cp Cm=-— Trar dA Ay = (W5]dapy)
h 2 2 _
M X M Matrix
Thouless, Kohmoto, Nightingale, den Nijs (1982) ;
Aoki, Ando (1986), Niu, Thouless, Wu (1985) Filled states
2mn
Recent technical development lattice gauge technique s | 97
y —
Hatsugai (2004,2005), Fukui, Hatsugai, Suzuki (2005)
Song, Maruyama, Hatsugai (2007)  Hatsugai, Fukui, Aoki (2006) 0 Oz

BREX: 372009



Optical conductivity in graphene (in equilibrium)

optical conductivity (q(xh/ez)

Relative transmission

\ \ \
kB T/F\O)C=O.'|

0->1

I'/ho =0.01

-1>2

kB T/ﬁ(l) C=O'5 —

(Morimoto ef a/ 2008)

0.98

0.96

(Sadowski ef a,_ 2006)

E,=¢\2enB, F, |B

3
L :!E .
: A jﬁ:

g

LL -

Energy (meV)

80
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Hofstadter butterfly for honeycomb lattice

B Rammal 1985

BEREX: 371001



(Hatsugai, Fukui & Aoki, PRB 2006)
|

van Hove singularity !
g y 20t

anomalous (2N+1) QHE |
>

Hall conductivity (-e2/h)

BERFXR: I57z00YE



“Massless Dirac” sequence

t'=-1: n—flux* lattice

t'=0: honeycomb t'=+1: square

(*Affleck & Marston 1988; Kotliar 1988; Lieb 19943 T .

0.0)

FERBFKR: 5700 YE



y kx
¥ Not specific to graphene
but shared by a class of non—-Bravais lattices
cf. recent organic system

% Dirac cones appear in pairs
- -~ Nielsen—-Ninomiya

FEREFEX: V371009 E



Adiabatic continuity for QHE

Persistent gap - topological ,, protected

-~

.:-_"'.-E :3 'lll II:II:'\. E.E:.E'.':II
-

e o g e
R, e LI, A T e | A P L i e e
i "-._.__."-.._h.:.-..__:.'_-..._;:.-._..:__-.-:..:_.'_ _\.-\.'1_-"-": :l':".l"r""'.-".'."".-"".-"' _"__.-'
l"'n._ '-...\_- . . T “.'ﬁ- ; " el -__.J" L
- ! il . .
b

e N |

LR

=,

1
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QHE topological #

-1.
=3

210

10k

Hall conductivity (-e2/h)
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bulk —

Ordinary QHE: 6,,°""“= o,

edge & Hatsugai, 1993
with Laughlin’s argument

CNNIN ZNINL N

0.5
honeycomb

E

-0.5

/\

/NA/\ A‘

B VA VAVAVAVARVAVAVA

.",( M.-. 0,
ooooooooo
.............
AN YN A

N o 4 R ey .q
o"‘:'d '.'b -P“'?"I‘_‘h‘v‘ g -t‘.t 0‘

¥ = il gl A Al
Nt "'ﬂ L LS AT ' v,

04 06

Ky

“"WHAVA"AVAV.AFAVA““*'_

i
.\ \\\\\\\\

0.8

*‘;-.'-4-

LA
f¢'~rrrii‘\‘r‘='
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Edge states in graphene

Nakata et al, PRB 54, 17954 (1996)

(a)

armchair \ zigzag

L

-3+
- 0 T

RKFX: TS57z20YE
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Long-period graphene

(Shima & Aoki, PRL 1993)

\_{
Ml Xe

ONVIT SENYI

(72
)
5=
2
o
o
©
o
=
(72
@
£
<)
c
S
c
)
c
)
=
Q
©
S
S

(Bai et al, Nature Nanotech 2010)

.,

b 4

g
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Carbon nanotubes

FREFER: 37100 YE
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O Landau level splits

n

(Hatsugai et al, 2007)

n S n O O
~ | ™~
(U/z9-) AUAIONPUOD [lely

d
QD
=]
T
.
o
)
d
=
8
=
L 8
S
>
py
T
=
=
=
(<})
o
e
. .
T
=
0
-
<5
-
=

as in BN
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Various extensions
(shifted cones, tilted cones, bilayer, ...)




An example: graphene in B with random bonds

i0 .t preserves the chiral symmetry

H = E t. e’ c.c. -
' written as cos(6;—#;)=N;-N;. where N; is the unit vector
<r,r’> perpendicular to the surface, defined in Eq. (125). If r;

we can write

=TI;+ Uy,
tl’,l" — t + &r,r' N;-Nj=1+N;-[(u;- V)N;]+ %Ns [y - V)’N..
(162)
where we assume smoothly varying N(r). We use Eq.
(125) in terms of the height field h(r) [N(r)=z
N. —Vh(r)—(Vh)?z/2] to rewrite Eq. (162) as

N. Ni-N;j= 1 —3[(u;- V)V h(r) (163)

Hence, bending of the graphene sheet leads to a modi-
fication of the hopping amplitude between different sites
of the form

J u;-V) V h(r) ]2 (164)

Castro Neto et al, 2009

Correlated hopping:
spatial correlation length n - controlls the K-K' scattering &4« %% 457> 0=



n=0 Landau level for bond disorder
(Kawarabayashi et al, PRL 2009)

7]
8
o]
-
w2
G
o
=
w
fom
)
A

larger n >
% inter-valley (K-K')

ol scattering suppressed
Ent .0 rr .
4 4,=1/50, o/t = 0.12. v/t = 0.00063, 500000 sites % randomness describable

with continuum theory

FERFXR: U53700YE



Dirac field + Potential disorder

(Nomura ef a/, PRL 2008)

|I:._ » 7 '1|-../';II
v/ \/
A

-1 0 1
E |T1uJU |

Mop=04(a)y" .-

Honeycomb lattice + Bond disorder

(Kawarabayashi, Hatsugai & Aoki, PRL 2009)

4.0

2.0

0.0

n=1
i A
Correlated
random borlds
_ n=-1 \
0.5 0.0 0.5




Fixed-point-like behaviour for G,,

(Kawarabayashi, Hatsugai & Aoki, PRL 2009)

=

lattice—gauge technique

Correlated
n/a=1.5

Sum over Chern #'s in the "Dirac sea":

4

n=1

B 100 sitesf

400 site

S

(an extension of the King—Smith-Vanderbilt
1st principles formalism to Chern numbers)

E/t

0.5

ERBFKR: UVS5T7I0YE



Random magnetic fields (chiral symmetry preserved)

Density of States

@ ¢,=1/41 (Kawarabayashi, Hatsugai & Aoki)

O+Oh(r) c,/¢=0.24

[l
|

L rii7
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Chiral Symmetry

(Particle-Hole Symmetry) <?:> Anomaly (no broadening)

BERFKXK: 5700 HE



Additional Next Nearest-Neighbor hopping ¢’ Graphene: t'/t=0.2~0.02

; : S. Reich et al. PRB66, 035412 (2002)
E f Nakajima, Aoki Physica E (2008)

Will the anomalous QHE be washed out ?

Dirac cones at K and K'

E(q) ~ —3t' + vrlq|
g=k—-K.k—K'

Eal |

(Kawarabayashi et al, PRB 2010)

sl £/t = -0.05

L =-0.10 1 Anomaly arises
~ & =-01 | as far as Dirac cones
S o | exist as the low-£
: i Pli=00 effective theory

'
(9]

-1.0 -0.5 0.0 0.5
E/t BREX: J57100ME



‘Tilted' Dirac cones in organics

o-(BEDT-TTF),l,
(Tajima et al, JIPSJ 2000; 2002; 2006; Kobayashi et al, JPSJ 2004,
Filet al, BAYEFEE 62, 99 (2007))

(6=0,180° )]

« B Lplane
\@-90" )"

Dirac point at an
intermediate position in BZ
(Herring)

Tilted Dirac cones
--- usual chiral symmetry
destroyed B (T)

M (Tajima et al, PRL 2009)

X ky

BFERFX: J57100YHE



What are the consequences of tilting ?

Vertical Dirac cone Tilted Dirac cone
V Graphene ? a -(BEDT-TTF).L;
Eastmlzzgogseig‘; gg:)':j) N. Tajima et al., PRL102, 176403 (2009)
M.O. Goerbig et al., PRB 78, 045415 (2008)
( / A. Kobayashi et al., JPST 76, 034711 (2007)
Landau levels Only a Modification of Factor
B, = +/2eBhv}nl E, = £)/2¢Bhw}|n
T. Morinari et al., JPSJ 78, 023704 (2009)
Chiral symmetry No chiral symmetry
O'ZHO'ZZ—H ,YH,.),__: —H
Robustness of zero modes Any other symmetry ?

(n=0 Landau level) Robustness of zero modes ?

BFERFX: J57100YHE



‘Generalised chirality for tilted Dirac cones
(Kawarabayashi et al, PRB 2011)

ellipse
.
(: H =loo(W -w/h)|+ (o - X7, /i + (o - Y )7, /R

A2~ 0 _ _ T T =p-—cA
We can still define Y =0 - (X xY) —1i(W, X — W, Y)[/A

-’}-‘TH"'}" — _H A2 — ‘X 0 Y‘Q _ (HTUX _ HTIY)Q

v: nonhermitian extension of chiral operator, with eigenvalues *1, 5-1,.-9 — (a|)2 = 0y

Generalised chiral symm definable
<-> (elliptic) Dirac cone dispersion *_hyperbdia
<> H: elliptic as a differential operator | C
<- index theorem applicable '
——- rigorous link!

FERFXR: 37100 E




Gen, chiral symm > §-function-like n=0 LL analytically

(Aharonov-Casher argument)

(Kawarabayashi et al, arXiv:1101.4273)

40

-
=

-2
=

Density of States

10

0
-0.4

BFERFX: J57100YHE

(b) t' = 0 (= n-flux model)

"




Aharonov-Casher argument

Degeneracy of zero-modes in the usual case I(Aharonov—Casher 1979) |
- extended to the generalised chiral symm

(Kawarabayashi et al, arXiv:1101.4273)
Dirac-Landau eqn: :_,CO L I S ey r_l* B Y+
a-m 0 W g% 1 (I
> Divg = ({)éa: + 1_)((‘)§y)'¢';i =0

R : "principal-axis" coord A 2 "ellipticity"
R..R,) = (\"'R,.\R X = sgn(Im(ayay)

> 1)+ 1s an entwre function of Z+ = R, £ ixR,

> degeneracy of zero modes is ® /o
= degeneracy of LL

> no broadening occurs for the n = 0 Landau level.

BERAFXR: J57z00HE



Bilayer graphene

\/ Zero Gap

| Quadratic dispersion o ( 0
Landau Levels - 2m\keriky)*

/\ E, = +hw./n(n —1) /

McCann and Fal’ko, PRL 96, 086805 (20006)

Zero mode : n=0 and n=1
Katsnelson, Prokhorova, PRB 77 (2008)

Graphite ~ single-layer graphen + bilayer graphene
(Koshino & Ando, PRB 2007)

BFERFX: J57100YHE

(ky—iky)?
0

|



Bilayer graphene  (Kawarabayashi et al, in prep)

Chiral symmetric model

A E
. N
No Dirac cones 5
n=0 and n=1 Qé?:
f//_\ 7N
20
157
5] Zero mode anomaly
(% Gt for correlated bond disorder
L
C; ’ sl =234 fourfold degenerated (per spin)
= 5 S SESSees
N S
S f e 3 Chiral symmetry is relevant
L -
s " %\§" "
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Can we go around Nielsen-Ninomiya ?

Flat-band (dp)model
(Aoki et al, 1996)

) () ".. (
SRR
O " ) \
W " K
RSRIALA
SRRSKAL
SOOI
““.‘. p. 0,‘
t‘: :: :.
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Can we manipulate two Dirac cones ?

QHE without Landau levels
(Haldane, 1988)

/ Al /

:Chern #, M =g, - g5

57T DYIE



. EBOERTHE. B * Lattice model TIEATF integer,

e2 (Thouless et al, PRL 1982)
Tpy = %bgﬂ( m)
LB THBIENTE S cf. Nielsen-Ninomiya® 7 ¥

(Nielsen & Ninomiya, Nucl. Phys. B 1981)
7‘[(’6) = kyo1 + kooo + mos

An(k) = i(n(k)|V|n(k))
Fulk) =V x Ay(k)l5
e’ d’k

O-my B _ﬁ R2 27T ‘F (k)

(Niemi et al, PRL 1983;
Redlich, PRL 1984)

FREFR: 3700 YE



Shif-'-ed Dirac cones (Watanabe et al, PRB(R) 2010)

§
;

-5

—10

+i t

: /
4
/

( .

el

P

H = xAoy — hvp[xdk,o1 + 0k, 03]

v =1 (-1) for K(K")

=1

[T T T T T T T T T T T T 1T
|
B
I

e

I‘qsa
2| 2| 2

I
|
I
|
|
0

A

—06 -04 -02

!
I

0
-/




Complex hopping realisable in cold atoms in optical lattices
(Bermudez et al, PRL 2009)

e
H=—13 S chahe  [oAde ()

Two-component(hyperfine) fermion systems

> A= % (—=vx) +alByoy, Bgo,)
Abelian  Nonabelian (Wilczek-Zee 84)

Sy

32
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Surface of fopolog_ical insulators

A topological Dirac insulator in a quantum spin Hall
phase in Bi;_,Sb, (Bulk: Dirac insulator. Surface: Topological metal)

D. Hsieh', D. Qian', L. Wray!, Y. Xia', Y. 5. Hor*, R.J. Cava® & M. Z. Hasan*  Nature 452, 970 (2008)

More recently, Buttner et al: Single Dirac fermion in
zero-gap HgTe quantum wells (Nature Phys, 2011)

=
O
15
w

d (nm)

For a review on the topological insulator,
see, e.g., Hasan & Kane, Rev Mod Phys 82, 3045 (2010)

BREX: V5710 0HE



Spin S rep of SU(2) - each Dirac pt comprises (S+1/2) set(s) of cones

(Watanabe et al, arXiv:1009.1959)

higher-pseudospin representations of SU(2)

spin 3/2
spin 172

FERFX: JI700YE

52 312
1/2
112
31 1/2
312 12
172
12
5/2 31
572
712
234567 El?llﬂllllz




Dirac cones in spatial D # 2 ?

1D (Se, Te) 2D (graphite) 3D (diamond) 4D (Creutz,
S JHEP2008)

helical symmetry = band sticking

(see, eg, Heine 1960)

BERFEX: 737100 E


http://phycomp.technion.ac.il/~nika/diamond_ani.html

Dirac cones in d-wave superconductors

Dispersion of the quasi—particle
in d-wave superconductor with the Bogoliubov Hamiltonian
- 2D Dirac
(See, e.g., Altland & Simons: Condensed Matter Field Theory, §6.4)

Edge states in anisotropic superconductors
(Ryu & Hatsugai, PRL 2002) #x %%. 4571 )
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Carbon-based superconductors

@ Graphite intercalation compounds (GIC) RN
1965 AC; (A=K,Rb,Cs) T.<1K First GIC SC Hannay et al. _n-:r'-'.-:ﬁ%»tf—.,‘

2005 CaC, T=11.5K Emery et al.

@ Molecular solids M
1980 (TMTSF),PF, 12kbar T.=0.9K First organic SC Jerome et al.
Se Se
TMTSF > :I[ = (
Se Se
2003 B’-(BEDT-TTF),ICl, 82kbar T.=14.2K Taniguchi et al.
S S S S
| BEDT-TTF> (L= T ]
@® Solid fullerene

1991 K,;C¢, T,=18K First fullerene SC Hebard et al.
1991 Cs,RbC,, T.=33K Tanigaki et al.

C

=/
@® 2009 K, picene (x~3) T.=7-20K Mitsuhashi et al. First aromatic SC

FERBFKR: 5700 YE (Q—Q—>




What is an aromatic molecule ?

@ aromatic molecules = most basic of organic molecules
— real surprise for its SC

Superconductivity in

coronene as well (Tc ~ 15K; Kubozono)

5 00 000 e (5D

benzene naphthalene anthracene FET

. very good insu'ator ’icene (Active layer)
I O ‘ l - more stable than pentacene % Q
0 T s | e
) ; '

SiO, (Insulator

coronene
Ve N 0 T VN

cf. polyacethylene EREX: HSTIOYE



room T *

100 |
lig N —~{

Tc (K)

Oh
-
L
!

lig e

1
®

Kosugi et al | (20

¥ 1 1 2 i 1

BiSrCaCuO
YBaz CUgO

MgB,

o - . @)
WQQ) ik 1<t aromatic SC >
) { Q ; Sn Mitsuhashi et al, nature (2019) picene

c

DA Dpi1U;g
'/ (ET),I,

(ET) zAl.lIz

At @
S (TMTSF).FSO
O

S (TMTSF),CIO,
¢ (TMTSF),PF,

1980 2000
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K,K,picene Kosugi et al (2009)

FARAFX: 57008



(Kosugi et al, arXiv:1105.0248)

Electronic str of solid coronene

FEREFER: U700




ACHE |

FARFX: 5700
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Optical Hall conductivity for Dirac QHE

r=02|
Plateau structure

retained in the optical regime
(although not quantised)

even around cyclotron
resohances

S T— Morimoto, Hatsugai
‘ | }& Aoki, PRL 2009

-1->2

Resonance at . w2 1
(clean lim "7 2 —

€F/%0)
_ D C
< -122 =
. B (a8, o)~ (b, |B)( Bl )
L a.p b0 —p ERFX: 57100 YR



Why the plateaus robust even in ac ?

(Aoki & Ando 1980)
N=1

Localisation =
transitions mainly between
extended states

O,y (®) /

2
_ch L L 1 1
L2 Z ijjy hw (eb—ea——hw € — €, Ty Je h € — €, € — €, 1+ hw

Ea<EF EszF
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Dynamical scaling for o, (®)

2

Ozylep,w, L) = %F((ep — eo) LYY, wL?)

L
dc region (L<L,) / \ ?
TXY

W

ac region (L>L)
A

A 40
4. ‘ ! ‘ ‘ ' ' ‘ : | |
0.10 0.200.30 0.50 1.001.50 / \ L
wl?®
o W)
W >
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Dirac -> honeycomb lattice

Morimoto, Hatsugai & Aoki, PRL 2009;
Chiral symmetric bond dﬁisorde Kawarabayashi et al, PRB 2010

\‘ <f5ﬂ>=01t Resonance at &,  w?

. n_—
(clean lim 5™ (2 2

T 12

Non-chiral symmetric
potential disorder



o,, () observable as Faraday rotation

Faraday rotation oc optical Hall conductivity

@H(w) ~ ( : Oy(w)

ng + 1) CEON- plateau
1 e’

(nog + ns)ceg h

)
~ ol ~|10 mrad
no + Ng

n,: air, ng: substrate Resolution ~ 1 mrad
(Ikebe, Shimano, AP

- exp feasible !

Faraday rotation ~ fine structure constant:
“o. seen as a rotation”

112

o
L5
(0]
o
C
(0]
£
€
(]
C
©
—
=
-
=
=

BREFEXR: JS7z00YE distance (um)




THz detection of plateau in 2DEG
lkebe et al, PRL 2010

B B(T)
)4 6.5 6.0 5.5 5.0
\ 1 "GaAs/AlGaAs L
L@ THZ(EK R
' —— DC (3K) .
~ Classical .
- H '
& 2.0 ':‘ 1 s
l == 'o... il_ i “‘” '
2DEG 1.9 fi -
18 -
polariser f
17 L | ] | ] |
1.8 2.0 2.2
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Current issue
January 2011 - Vol 7 No 1

(Crassee et al, nature phys 2010)

"Multi-layer" 010
(epitaxial from SiC) st
graphene ' 271 6T
3T 7T
0.08 -

N L
v 60 o
E 12
0.06 c:B 40 -
E I .- ,&-"‘
% w 20 ‘T"_'?—' 23
[4+] | 2
o (0 S Y
—
g 0 2 4 6
2 B(T) -..-.
0.04
0.02

L 1 1
10 20 30 40 50 60 70 80
o (MeV) £ &% 55T DY




Cyclotron in graphene QHE

Ordinary QHE systems (2DEG) Graphene QHE system

Landau-level laser

(Aoki, APL 1986)
! Ladder of

exmtaﬂoqs / n S n+l

excitation
laser

Rew,

|laser

Nonuniform

pumping pumping Landau levels
\d oc \/n

/ N\

(Morimoto, Hatsugai & Aoki, 2007)

- Photon emission rate
2DEG: ~ B2 << graphene: ~ V' B

FERFX: 5700 YE



n=0 Landau level

O N - (o)) 00

Uneven Landau levels

3

n =0 Landau level can
stand alone

3

Cyclotron radiation from
continuum to n =0

M enhanced

pumping

= Photoemission rate
VS
relaxation due to phonons
-—- should be examined

FERBFX: 5700 YE
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Photovoltaic Hall effect

Circularly-polarised lightin B =0
- breaks time-reversal

(Oka & Aoki, PRB 2009)

FERFX: J37100YE



Hall effects in Dirac systems

1. QHE
/ (Geim; Kim)

graphene [.andau level

2. Spin Hall effect in topological insulators

oy s h

+ spin-orbit

mass term < spin-orbit (Kane & Mele, PRL 2005)
Spin-orbit too small in graphene; rather, HgTe systems

3. Photovoltaic Hall effect

Circularly-polarised light
-> breaks time-reversal

-
7 (Oka & Aoki, PRB 2009)



Wave propagation in graphene

Animation by Oka R(f) -~ zL1/2

Dynamical mass = gap

FREFER: 37100 YE




- Aharonov-Anandan phase (PRL 1987)
- Non-adiabatic charge pumping
- Photovoltaic Hall effect




Photovoltaic DC Hall effect in graphene in a circularly polarised light

B O‘ -‘ } F (Oka & Aoki, 2009)
= Sl [ laser
Iongitujinal current de electrode
2
O-l'y X Easer

/ﬁll current

® Th framework:
Kubo-formula for DC transport + Keldysh formalism

_Z/ [fs( ) = JalB)] (Pa (k)| S| Ps(k))(Ps (k)| Ja|Pu (k)
)" a, #1 Es(k) — Eqo(k) Ly(k) — Ea(k) +in

used in Aoki & Ando (1981) for the static QHE

Here, we need to take account of the effect of
strong AC background
- we can achieve this with the Floquet formalism




Floguet theorem
(temporal analogue of the Bloch theorem)

Time-periodic Hamiltonian ===)  periodic solution = Floquet state

H(t+T)=H(t T (1) = e 50 |Du(t)), | Pu(t+T)) = |Bo(t))

EA{]OT E(t)dt —|—/T

dynamical phase

Aharonov-Anandan phase

VAr = TU®D,ia| D)) = + m{[4(A/Q)? + 1172 - 1}

With the Floguet basis we can extend Kubo formula
(a) Photon-dressed Floquet states
(b) Aharonov-Anandan phase emerges




Kubo formula in strong AC fields (general)

circularly polarizej&ght

Jé:lc — O-ij(AaC)EgC

ra(Any =i [ 3E o UR) = LR (B O (k)R 2o k)
P ) S (k) — 2alk) eo(k) — ealk) + i1

. - Floquet’s quasi-energy - : time-averaged
((Pa|Ps)) [ (Da(t)|Ds(1)) - M

f. : occupation fraction inner prod
Oka and Aoki, arXiv:0807.4767;
similar expression: Torres, Kunold, PRB (2005)

TKNN (Thouless, Kohmoto, Nightingale, Nijs) exteded to systems in AC
4 )
, ; dk
O;L‘y(Aac) — € / )d Zfoz( ) lvk X A@(k)}

_ Auk) = —i((?a(k)lvkl%(k)))

1 |
Floguet states
HEREX: 570D E Oka and Aoki, 2009

J




particles in arbitrary ac fields - - - Floquet's theorem

¥k (IRENBIB) LEDRKEAMNICRMMNLINSGRREIIEROICHUMRWILD.

ZERICE NG R TRYIL>7=Blochd)EIE
- RKRICEEM LR TDanalogue.

[ () = HOUE)  H(e+7) = (b }

Floquet state: (1) = oty (1),  wuu(t+7) = ua(t)

FourierZ#ilckt). HamiltonianldFloquet T5I#23E :
[ ZHmn uy = (eq +m2) ul) ]

] T-.'IIE , .
H = _f drE:{J::—nji!rH“}
T 7

mn

25, BEKEOMSE > BREICkELLL EEICESR bk
(fef8 &L TFloquet mode n ELVSBEHEDIMbDOT:).
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Floguet theorem (temporal analogue of the Bloch theorem)
Time-periodic Hamiltonian

Ht+T)=rm( ===y periodic solution = Floquet state
Va(t)) =€) “t@( ) |<I> (1+T))

e'/_—/o dt+.T

dynamlcal phase Aharonov-Anandan phase

TKNN (Thouless, Kohmoto, Nightingale, Nijs) exteded to systems in AC
Aharonov-Anandan curvature

Ooy(Ane) = € / ) (k)| Vi x Ad(k)|
A, (k) = —i{(D, (k)| V| (K)))
t t

Floquet states (incl. AA phase)

(Oka & Aoki, 2009)



Energy

k, =

weight of the static (m=0) comp

F/Q=0 0,001 05 1.0

€ (

-1 0 1

in a Dirac band

_ 00
Hmm l:(A 0) | K=

Floquet (photon-dressed) states

(Oka & Aoki, 2009)

V4424 0%-0

"

A=F/Q]

Kk X

F2 03

laser

- dynamical gaps open
= AC Wannier-Stark ladder

Floquet quasi-energy < dynamical gap opens




Photo-voltaic Hall effect in a Dirac band

—_ ) (Oka & Aoki, 2009)
TKNN (Thouless, Kohmoto, Nightingale, Nijs) exteded to systems in AC

Aharonov-Anandan curvature




A A curvature

Nonequilibrium edge

states also emerge
(Lindner et al,
nature phys 2011)
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Photoinduced Hall = chirality control |

longitudinal current

_b'“

/ﬁll current

FREFER: 37100 YE



Photo-induced DC Hall conduction in an AC field
(Oka & Aoki, 2009)

.“ ;

Ve Ve Ve Ve Ve Ve Vi Vi

\!.T

BERBFX: J57z00HE

laser intensit F [w]



Experimental feasibility

Required strength of the laser field:

E_ .~ 0.001t(t=2.7 eV: hopping energy)

> E,..>10'V/m
for the laser photon energy () ~ 1eV

--- within the available intensity




All-optical measurement: Faraday rotation

@ Pump-probe spectroscopy
(Oka & Aoki, HMF2010)

. / Faraday rotation @ (o)
. ";-f FERFXR: V37100 YE



Faraday rotation as a nonlinear optical response

Re 0., (®)

= (Oka & Aoki, proc HMF 2010)

e
a—
x ~
- = —= -"2

== Op ~ (04y in units of —) x 7 mrad

0.8- P — T.T ..... }l
.- energy of CPL | — F=0.03,—0 0 s
i //- 0.25 il g 0.2
0.6 [~ =002 =005 —’ -ﬁ
0.5 _ ~ =, 0.2 -, 0.2

| F0.00_—" el VF000 oS0
0.4 ——— 7 001 ; 0.15 © 0 — =

: 0. L O ooy N F=0.0Y
0.3 F=0.02 ! =g :
0.2 1003 0.1 X - 01 F=0.05
0.1 F=0.05 . 0.05 AN 0.2 1=0.04

| =000 T =002 F70.03
0.2 0.5 0.75 1 1.2%5 1.5 1.75 o.0s5 0.1 0.15 0.2 O g.os 0.1 0.15 0.2 0.25

Q~1—3eV
F ~ 107V /m » Oy ~ lmrad
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Other lattices?

(Oka & Aoki, proc HMF 2010)

(]
Bilayer graphene d-p model
32 X
> o T e o o o o
oo
¢ ® ® )
@ “‘Y;é,\%“) e © o o o
% 0l s e ® ®
= |
o | e © o o o
t"]".5:-
)
Q !
o0 ol
?
o
: 3
22.5- 5
T I 0
= :
«© | B,
L
pr—
o
o

Graphite = single + bilayer graphene
(Koshino-Ando PRB2007)

Photo-induced Hall effect ——-
rather universal in multi-band systems?
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s, (e’/h)

Observed splitting of Landau levels
(Zhang et al, PRL 2006)

140
- TFp=-14K- - -
120 R T SR
ﬂ\_\ 1 gﬁf _____________
R S 25 /|
40 ('J e A4
v~y o
4} =+ —-—= "_ T
n= OLan :

?| levelsplits XTI MO
0 n=-1 —- o I

eraaseersaasnnsyans V (V)
2 prrerrnnnns 0 8 20 3 n=-1
S LT =somK [,

_ T AT,

6 oS I/
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FERFX: U570 YE

—
-
—
-
==
——'
— — 000 T TTTT
— — ==
— — ﬁ"'.:'“-_
T —
 ———
-
-




(2) FQHE in graphene

(Suspended graphene: Du et al; Bolotin et al, Nature 2009)

Graphene

B

N\

BREX: 372009



FAQHE system < large quantum zero point

Liquid He < [x, p] = iR

FQHE < [X V] =Th Non-commutative space !
H= (1/2m)7c2, T =p +eA

-(1/eB) e, xI1, [g,, &) = -i/°
Y), [X,Y]=i?

/= (h/eB)Y2: magnetic length (= 80 A for B =10 T)

FQHE = repulsively interacting fermions
with uncertain (X, y)

FERBFKR: 5700 YE



Fractional quantum Hall effect

T ~35mK
" 1/v|(e<c B)
3/4 1/2 m 1/4
3/2 2/7
2/5 1/3
1 2/3
Y
¥ \
iy ikl 6/23
1010 “
Aj I 1921 U 6/25
| I ! ! | ! | !
6 12 14 16
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A very neat way of incorporating
most (short-range) part of int’action
S for the “U/ W = oo system

FRABFER: V3700 HE


http://www-cms.phys.s.u-tokyo.ac.jp/dissertation/book/met03.html

Many-body Hamiltonian for graphene

Coulomb interaction 31, = i_z V(E — ¥)n_n,,

. . I o IR Py - - - =
Spin- and valley-symmetric part Hs =3 f d"Xd™X p, g (X)V(X — X))oy (X,
Valley-symmetry breaking parts ;

y-Symmety IP My = —u[ I, +707_]

Hpsp = — fﬂﬁf Z V1()Pgtag(X + F)Pgyae(X).

Fractional quantum Hall effect

H H %dq ¥ y) I
Haldane's pseudopotential Vi = f 5 AV DIF(DI Lin(g e T,

[] i d

(Abergel et al, Adv Phys 2010)
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Mechanisms for split Landau levels in graphene

% Excitonic gap (Gusynin et al, 2006)

¥ FQHE (Apalkov & Chakraborty, 2006)

% SU (4) -breaking (Nomura & MacDonald, 2007)
X Peierls distortion (Fuchs & Lederer, 2007)

% Bond order (Hatsugai et al, 2007)

B = 0, Coulomb interaction
¥ Exciton condensate (~ chiral condensate in QCD)

(1/N + RG: Son 2007;

RG: Herbut 2009;

Schwinger-Dyson: Khveshchenko 2009;

Monte Carlo: Hands 2008, Drut 2009;

Lattice gauge: Araki & Hatsuda 2010; Araki arXiv:1105.0369)
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Future problems

v Extension to wider topological systems

v Experimental observations




